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Abstract
When computing the change in the electrical resistivity of a
piezoresistive cubic material embedded in a deforming structure, the
piezoresistive and the stress tensors should be in the same coordi-
nate system. While the stress tensor is usually calculated in a coor-
dinate system aligned with the principal axes of a regular structure,
the specified piezoresistive coefficients may not be in that coordi-
nate system. For instance, piezoresistive coefficients are usually
given in an orthogonal Cartesian coordinate system aligned with
the <100> crystallographic directions but designers sometimes de-
liberately orient a crystallographic direction other than <100> along
the principal directions of the structure to increase the gauge factor.
In such structures, it is advantageous to calculate the piezoresistivity
tensor in the coordinate system along which the stress tensors are
known rather than the other way around. This is because the trans-
formation of stress will have to be done at every point in the struc-
ture but the piezoresistivity tensor needs to be transformed only
once. Here, by using tensor transformation relations, we show how
to calculate the piezoresistive tensor along any arbitrary Cartesian
coordinate system from the piezoresistive coefficients for the <100>
coordinate system. Some of the software packages that simulate the
piezoresistive effect do not have interfaces for the calculation of the
entire piezoresistive tensor for arbitrary directions. This warrants
additional work for the user because not considering the complete
piezoresisitive tensor can lead to large errors. This is illustrated with
an example where the error is as high as 33%. Additionally, for elas-
tic analysis, we used a hybrid finite element formulation that esti-
mates stresses more accurately than the usual displacement-based
formulation. Therefore, as shown in an example where the change in
resistance can be calculated analytically, the percentage error of our
piezoresistive program is an order of magnitude lower relative to the
displacement-based finite element method.
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1. Introduction

Piezoresistive effect is exhibited by some
electrical conductors or semiconductors in which

electrical resistivity changes due to mechanical
stress (Sze 1994). Sensors based on the
piezoresistive effect are widely used in the industry
today to build a variety of micro-electro-mechanical-
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systems (MEMS) devices. They include sensors
for pressure (Buchhold et al. 2000), acceleration
(Plaza et al. 2000), tilt (Bychkovsky et al. 2010),
force (Bychkovsky et al. 2010), etc. These sensors
need a piezoresistive material embedded in an
elastically deforming structure. The mechanical
structure  acted upon by external forces develops
stress, which in turn produces a change in the
electrical resistance of the piezoresistor. The change
in resistance is measured using a variety of
techniques (e.g.,  Wheatstone’s bridge circuit) that
give a measure of the stress in the structure that
can be further used to estimate the measurand that
caused the stress.

Analytical techniques (Bao et al. 1989; Song
et al. 1991; Gridchin et al. 1997; Kon et al. 2007)
are widely used for the analysis of piezoresistors
of standard shapes. The resistance change of the
piezoresistive material is related to its strain by a
quantity known as the gauge factor. The gauge
factor GF is defined as,

The resistivity is modelled up to the first order
in terms of stress.

(1)

where  is the change in resistance caused

by strain, R the original resistance, and ε  the strain.
But the use of such analytical techniques restricts
the shapes of the resistors that satisfy the underlying
assumptions. Analysis of irregular and non-standard
shapes is not possible with these techniques.

Numerical methods have been developed for
analyzing the piezoresistive effect mainly by
employing the finite element method (Buchhold
et al. 2000; Plaza et al. 2000; Hsieh et al. 2001;
Plaza et al. 2002). Numerical estimation of the
piezoresistive effect is usually done by solving the
electric conduction equation

(2 )

where  is the current density vector. The

current density can be related to the electric field
by using Ohm’s law

(3)

where  is the conductivity matrix and  the

electric field. The conductivity and electric field are
related to the resistivity and potential according to
the relations

(4)

(5)

where ρ
0
 is the resistivity in the unstressed

state,  the fourth order piezoresistivity tensor and

σ%

 the second order stress tensor and ‘:’ is the
operation of the fourth order tensor on the second
order tensor to give the change in resistivity as a
second order tensor. This requires the piezoresistive
and stress tensors to be known in the same
coordinate system, and this may not be readily
ascertained.

The values of the piezoresistive coefficients
that comprise the piezoresistive tensor are usually
given in a coordinate system along  the <100>
crystallographic directions. It may not always be
convenient to calculate the stress tensor in that
coordinate system. For  example, if a piezoresistor
is embedded in the cantilever, the piezoresistive
tensor is given along the local coordinate system
aligned with crystallographic directions, while it is
convenient to calculate the stress tensor in the
cantilever’s coordinate system. The transformation
of the stress to the crystallographic coordinate
system is cumbersome, as the transformation will
have to be performed at every point in the domain
where the change in resistivity needs to be
calculated. On the other hand, the piezoresistivity
tensor is a property of the material. Thus, once
transformed from the crystallographic direction to
the cantilever’s coordinate system, it will remain
the same at every point in the domain.

In this paper, we show the transformation of
the fourth order piezoresistive tensor from one
Cartesian coordinate system to another and indicate
that the transformed tensor can have more than
the three independent coefficients that a cubic
material has along a coordinate system aligned with
the <100> crystal axes. We also show that
approximating the transformed piezoresistive tensor
to one with only three independent coefficients can
sometimes lead to considerable errors in the
calculated piezoresistive effect. This is significant
because some of the software packages that
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simulate the piezoresistive effect (for example,  see
CoventorWare; www.coventor.com) do not have
convenient interfaces for the calculation of the
complete piezoresistivity tensor when the crystal
lattice is arbitrarily oriented with respect to the
principal directions of the microsystem.

Based on the foregoing, in this note, we discuss
the transformation of the piezoresistive tensor for
use in coupled finite element calculations. This is
done in Section 2. We present the details of
modelling in Section 3 where we show a possible
error when the user-interface of software compels
the user to ignore certain terms in the transformed
piezoresistive tensor. In Section 4, we describe the
hybrid finite element method that is more accurate
in estimating stresses than the traditionally used
displacement-based finite element method. Section
5 contains a discussion and concluding remarks.

2. Coordinate Transformation of the Fourth
Order Piezoresistive Tensor

The piezoresistivity tensor (see Eq.(5)) has
both minor and major symmetries and hence
requires only 36 independent components (instead
of 81 in the case of a general fourth order tensor)
and can be written as a 6 × 6 matrix (Senturia 2001).
For cubic materials, the piezoresistivity tensor
measured in a coordinate system aligned along the
<100> lattice directions has additional symmetries
due to which, the piezoresistivity tensor contains
only three independent coefficients (Senturia 2001)
and can be written as

(6)

where the compression of the indices has been
done according to the convention, 11  1, 22 2,
33 3,12 4, 23 5, 31 6. This means that the
coefficient at the (4, 5) position in the matrix notation
of the piezoresistive tensor is actually in the (1,2,2,3)
position of the fourth order tensor.

The transformation of second order tensors
between two Cartesian coordinate systems is given
as (Jog 2007)

(7)

where [R] is the  rotation matrix between the
two coordinate systems given by

(8)

and the directions of the coordinate axes of
the rotated coordinate systems in the original
coordinate system are

(9)

In the case of symmetric second order
tensors, they can be represented as a 6-element
column vector using the same convention for the
compression of indices used in Eq.

(10)

Using the vector representation of the
symmetric second order tensor shown in the
preceding equation, the coordinate transformation
can be effected using a single 6 × 6 rotation matrix
multiplication

(11)

where [R]
6x6

 is given by

(12)

Analogous to the case of second order
tensors, the coordinate transformation of fourth order
tensors is given by (Jog 2007)

(13)

For the case where the transformed
coordinate system differs from the original
coordinate system only through a rotation about the
z -axis the transformed piezoresistive tensor
expression reduces to a 6x6 matrix:
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(14)

where θ is the angle of rotation about the z-
axis of the transformed coordinate system with
respect to the original coordinate system.

3. Modelling Piezoresistivity using the com-
plete Piezoresistive Tensor

Piezoresistive modelling software such as
CoventorWare does not have convenient interfaces
for specifying the piezoresistive tensor when the
<100> crystallographic axes of the piezoresistive
material are oriented in an arbitrary direction to the
coordinate directions in which the stresses are
known. For instance, CoventorWare will calculate
the total piezoresistive tensor from the tensor
specification along the <100> directions for the
following crystallographic orientations:

1) x-axis along <110> and  axis along <100>

2) -axis and -axis along <110>

3) -axis along <110 and  axis along <111>

For other orientations of the crystallographic
axes, one needs to manually compute the
piezoresistive tensor (using Eq. (13)) and enter the
complete 6 × 6 piezoresistive tensor into a text file
containing properties. We show, by using relevant

microsystems designs, that specifying the complete
piezoresistive tensor is necessary and that any
approximation of the same using a three independent
coefficient tensor of the same form as in Eq(6).
can lead to substantial errors.

The error in some of the piezoresisitve
coefficients  and when only the
three piezoresistive coeffiecents  (as given in Eq.
(14)) are used to construct the complete
piezoresistive tensor was calculated using Eq. (6).
This error for different orientations of the crystal
axes is given in Figure 1.  The values of the
piezoresistive coefficient  for p-type silicon are:

, and  
(Smith 1954; Senturia 2001).

A micromirror, where such inaccuracies in the
estimation of the piezoresistive tensor leads to
significant errors in the simulation results, is shown
in Figure 2. The micromirror was actuated by
applying an out-of-plane distributed load on the faces
AB and CD in opposite directions such that the
supporting bars twist. The piezoresistive effect in
the embedded piezoresistor was quantified using a
Wheatstone quarter bridge circuit as shown in
Figure 3.

Both simulations, when using the approximate
piezoresistive tensor having only three independent
coefficients (Eq.(6)) and when using the complete
rotated piezoresistive tensor (Eq. (14)), were done
in COMSOL (www.comsol.com). Even though
COMSOL does not have a piezoresistivity module,
there are convenient interfaces which allow one to

Figure 1: Variation of error in the estimated
piezoresistive coefficient with crystal axes orientation
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use COMSOL for piezoresistive analyses. In the
‘Electric Currents’ module of COMSOL, the
electric conductivity can be specified as a function
of any number of known variables. Symbolic math
packages were used to compute the exact
dependence of electrical conductivity on stress and
the piezoresistive coefficients. The second order
resistivity tensor was expressed in terms of stress
and  piezoresistive coefficients (Eq.(5) ) and then
they were inverted to get the expression for
electrical conductivity (Eq.(4)) in terms of the
piezoresistive coefficients and stresses. The
resulting terms were entered in COMSOL. The
structural deformation and stresses in the
microsystem was calculated using the ‘Solid
Mechanics’ module and then the ‘Electric
Currents’ module was run in which electrical
conductivity is expressed as a function of the
stresses and the piezoresistive coefficients. A
voltage of 5 V and 0 V was applied on opposite
ends of the piezoresistor and the total current was
estimated by integrating the current density on the
end surface.

Figure 2: Micromirror supported by two beams of square
cross-section fixed at the ends. The material is assumed
to be linear elastic E=169GPa and í=0.22 (silicon). P-
type silicon , 

 and  have been

used (Smith 1954; Senturia 2001). All dimensions are
in μμμμμm.

(15)

The voltage output (V
out

) of the Wheatstone
quarter bridge circuit for different actuation forces
on the micromirror is given in Figure 4A. The
percentage error in the output voltage when using
only three independent coefficient piezoresisitive
tensor (see Eq.(6)) is shown in Figure 4B. The
percentage error is calculated as

The total resistance of the piezoresistor was
then estimated using Ohm’s law

(16)

The voltage output of the Wheatstone’s quarter
bridge circuit (Figure 3) was calculated  as

(17)

Figure 3: Wheatstone quarter bridge configuration
used to quantify the piezoresistive effect. The constant
resistance R

0
 is equal to the resistance of the

piezoresistor when there is no stress.

(18)

It can be observed that there is a substantial
difference in the simulated results when using the
complete piezoresistive tensor leading to up to a
33% error in the voltage output as compared to
using only three-independent-term piezoresistive
tensor.

Next, we discuss the hybrid finite element
formulation that gives stress with enhanced
accuracy as compared to the displacement-based
finite element method. This leads to a further
improvement in calculating the coupled effects of
pizeoresistivity caused by the stress.

4. Hybrid Element Formulation

The hybrid finite element formulation is a two-
field formulation in which the displacements and
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Figure 4: Comparison of piezoresistive simulation
results when using only three independent coefficients
for the piezoresistive tensor and when using the
complete rotated piezoresistive tensor. (A) Voltage
output V

out
 of the Wheatstone quarter bridge circuit for

various actuating forces on the micromirror  (B) Error
in the output voltage  V

out
 as a percentage of the output

voltage.

(19)

(20)

stresses are interpolated independently. The weak
form of the variational equations used are (Jog 2005;
Jog et al. 2006; Jog 2010)

where Ω is the domain occupied by the

solid, dΩ is the boundary, f
b
 and 

ft

are respectively

the body and surface forces, u is the displacement
field, τ is the stress field, ε  is the strain field, D is
the constitutive material relationship relating the
stress with the strain and δu and δτ are arbitrary
variations in the displacement and stress fields
respectively. The interpolation functions for the
stresses are constructed so as to avoid the ‘locking’
behaviour exhibited by normal displacement-based
finite elements (Jog et al. 2006; Jog 2010).

The hybrid element formulation is unaffected

Figure 5: A cantilever fixed at one end and loaded
at the other by a couple. The material is assumed to be
linear elastic E=170GPa and μμμμμ=0.28. All dimensions
are in μμμμμm

by skewed elements and are hence ideal for
analysing geometries with the high aspect ratios
typically found in microsystems. Also such a
formulation gives improved accuracy for the
estimated stress field as compared to displacement
based finite element methods for the same mesh
(Sundaram et al. 2012).

Meshes Cantilever Piezoresistor

Mesh 1 60x3x3 = 540 10x1x1 = 10
elements elements

Mesh 2 60x6x6 = 2160 10x2x2 = 40
elements elements

Table 1: Meshes used for the piezoresistive simulations

Mesh Patch Current % error in Patch Current

CoventorWare Hybrid CoventorWare Hybrid

Mesh 1 6.3721μA 6.3698 μA 0.0392 0.0031

Mesh 2 6.3717 μA 6.3697 μA 0.0330 0.0016

Table 2: Patch currents and comparison between CoventorWare and hybrid simulations

The higher accuracy in the estimated stress
will lead to improved estimation of the piezoresistive
effect. To demonstrate this, a comparison was made
between the simulated piezoresistive effects for a
displacement based (CoventorWare) and hybrid
elements based finite element method (i.e., our
implementation) with the analytical solution.

The piezoresistive simulation considered was
that of a cuboidal piezoresistor embedded in a
cantilever beam (see Figure 5). The simplistic nature
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of the geometries involved is warranted for it to be
possible to calculate an analytical solution. To
enhance the piezoresistor sensitivity, the [110]
crystallographic direction was aligned with the x-
axis since the π

11
 coefficient is maximum along the

[110] direction (Eq. (14)).P-type silicon ρ
0
=7.8x10-

2Ωm, π
11

=6.6x10-11Pa-1, π
11

=-1.1x10-11Pa-1 and
π

44
=1.381x10-9Pa-1 have been used (Smith 1954;

Senturia 2001).

For the slender cantilever beam structure
analyzed, it can be assumed that the stress field
consists of only normal stress along the x  direction,
namely σxx, in Euler-Bernoulli beam theory. The
other stresses are at least two orders of magnitude
smaller. The cantilever was loaded with a moment
(couple) at the free end and not a force so that
there are no shear stresses of magnitude
comparable to the normal bending stresses. The
expression for the total resistance of the
piezoresistive element can be obtained by integrating
the resistances of the individual infinitesimal
resistors.

The resistance of the infinitesimal slab dR(z)
(see Figure 6) can be obtained by integrating the
infinitesimal strips along the x-axis.  It entails a
straightforward integration as all the infinitesimal
resistance strips forming dR(z) are connected in
series.

(21)

where  is the resistivity of the element, dx is
the length of the element and wdz is the cross-
sectional area. The resistivity can then be
approximated as

Figure 6: Finding the equivalent resistance along the
x-axis of a cuboidal piezoresistor of dimensions
L x w x t. The piezoresistor is decomposed into slabs
dR(z) which are connected in parallel. Each of the slabs
are in turn made up of  strips connected in series.

(22)

since the voltage difference is applied only
along the length of the resistor and all other stress
values are at least two orders of magnitude smaller
than the normal stresses. Substituting for σxx from
the Euler-Bernoulli beam theory we get

(23)

since the integration is only along the x
direction where M  is the moment at the section, z

is the distance of the resistor from the neutral axis
and I is the moment of inertia of the cross-section.

The effective resistance can be obtained by
finding the total resistance of such infinitesimal
resistance slabs dR(z) that are connected in parallel.

(24)

(25)

This can be written in the standard form

(26)

By defining the effective resistivity ρ as

(27)

where the effective thickness t
ejj

 is

(28)

For the geometry and material properties
shown in Figure 6, the total resistance was calculated
to be 7.8498x105Ω which gives the current for an
applied voltage of 5 V to be equal to .

The piezoresistive effect for the geometry and
material properties shown in Figure 6 was simulated

A Note on Modelling Directionality in Piezoresistivity
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in both CoventorWare and our implementation that
uses hybrid elements for analysing  elastic
deformation. Two meshes (see Table 1) consisting
of rectangular brick elements of different sizes were
used for the convergence study. Further mesh sizes
were not considered since our implementation had
already converged sufficiently with the analytical
result.

Table 2 shows that, for the problem
considered, the hybrid implementation is at least an
order of magnitude less prone to error as compared
to the displacement-based finite element techniques
even though for such simple geometries the error
in the simulated piezoresistive effect itself is very
small even for the displacement-based finite element
method. But for complicated geometries of relevant
microsystems, as has been shown previously
(Sundaram et al. 2012), the finite element method
based on hybrid elements can produce improved
convergence for the structural analysis. Since
accurate estimation of stresses leads to an
improvement in the calculated piezoresistive effect,
we believe that the use of hybrid elements in
structural analysis is beneficial.

5.  Discussion and Closure

The error in the simulated piezoresistive effect
when not using the complete piezoresistive tensor
depends on the nature of the stress field. The
piezoresistive coefficients π'

11
,π'

12
,π'

21
, and π'

22

can be estimated accurately even when only the
approximate piezoresistive tensor consisting of only
three independent terms (see Eq.(6)) is used.
Hence, while simulating microsystems having only
tensile or compressive stress in the yz and xz planes
(σ

xx
 and σ

yy
), the error in the simulated

piezoresistive effect when using only these
coefficients will be very small. Some examples of
such microsystems are slender beams used in
micromechanical suspensions, membranes used in
pressure sensors, etc.

Another factor contributing to the error in the
simulated piezoresistive effect when approximating
the piezoresistive tensor is the relative magnitude
of the piezoresistive coefficients in the particular
orientation of the crystal axes. If the error in the
estimation of the piezoresistive coefficients is small
when compared with the value of the accurately

estimated piezoresistive coefficients (π'
11

,π'
12

 and
π'

44
), the overall inaccuracy in the estimation of

the piezoresistive effect will be small. In the
micromirror example shown in Figure 3, the
piezoresistive coefficients with independent non-
zero errors are, π'

13
,π'

33
 and π'

55
 and with

respective errors equal to -6.52x10-10Pa-1and -
1.304x10-9Pa-1(see Figure 1) while the values of
the accurately estimated piezoresistive coefficients

is π'
11

=7.18x10-10Pa-1, 10 1
12' 6.63 10 Paπ − −= − ×  and

π'
44

=7.7x10-11Pa-1. The  error in estimation of the
piezoresistive coefficients is comparable to the
accurately estimated coefficients. Moreover there
is a substantial amount of shear stresses in the

microsystem, especially xzτ which multiplies with the

piezoresistive coefficient with the highest error in
estimation π'

66
 , which results in large inaccuracies

in the estimation of the piezoresistive effect. The
errors in the estimation of π'

55
 and π'

66
are equal.

As illustrated here, the coordinate
transformation of the piezoresistive tensor improves
the accuracy of a piezoresistive simulation. It is
worth noting that it involves a simple calculation.
The errors when approximating the piezoresistivity
tensor with a three independent coefficient tensor
may be small in the cases when the microsystem
has larger normal stresses as compared to shear
stresses. We have presented a case where there
are high shear stresses leading to substantial error
in the simulated piezoresistive effect. In our
implementation of the piezoresistive analysis we
have incorporated an interface for specifying the
direction cosines of the <100>  crystallographic
directions (Eq. (9)) with respect to the coordinate
system in which the stresses are known for
facilitating the calculation of the complete
piezoresistive tensor oriented in an arbitrary direction
to the principal axes of the microsystem.

It may also be noted that many  microsystems
have thin and narrow structures, which should be
discretized using very fine meshes in the
displacement-based finite element method to avoid
ill-conditioning that might arise in coarse meshes
with elements of high aspect ratios. On the other
hand, hybrid elements are not sensitive to the high
aspect ratios of elements. Consequently, much
fewer elements give accurate results in structural
analysis done using hybrid elements (Sundaram

Balakrishnan et al.



et al. 2012). Furthermore, a single element type
can give accurate results for the analysis of all kinds
of deformation problems. In the case of a
piezoresistive analysis, as shown here, the increased
accuracy of the stresses calculated by the hybrid
finite element method will lead to an improved
estimation of the piezoresistive effect.
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