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Abstract
We analyze the forces produced by a thin fluid film (called squeeze 
film) present between an oscillating elastic rectangular micro-
plate and a fixed substrate under different practical flow boundary 
conditions. The plate is fixed along its edges and is assumed to vibrate 
in its first fundamental mode. The fluid underneath is squeezed 
differently depending on the side venting condition. We derive 
analytical expressions for the squeeze film damping and spring forces 
for different flow boundary conditions – all sides open (OOOO), 
all sides closed (CCCC), adjacent sides open (OOCC), etc. The 
derivation is illustrated considering the all sides open case results. 
We then discuss the results for different flow boundary conditions. 
We find that restricting the fluid flow along the three edges compared 
to the all sides open case results in as much as 45 times increase 
in the squeeze film induced stiffness and six times increase in the 
peak damping. These results indicate the use of boundary venting 
conditions as an additional design parameter for controlling damping 
and ; hence, Q as well as the squeeze film stiffness. We verify our 
analytical results  with a FORTRAN simulation data based on a finite 
element methodology. The numerical results show a good agreement 
with the analytical solutions.

1. Introduction

1.1 Motivation
 
MEMS devices like gyroscopes, micro-mirrors, 
acoustic transducers, etc., often consist of a vibrating 
plate-like structure with a thin air film trapped in a 
micron or sub-micron scale gap. Under such conditions, 
the trapped air acts like a squeeze film offering a 
pressure force on the bottom surface of the plate thus 
opposing its motion. As a consequence, the air film 
acts as a damper and is responsible for reducing the 
Q factor of the device. This phenomenon is known as 

the squeeze film damping. This damping is generally 
modeled by the Reynolds equation, which is derived 
from the Navier Stokes equation by incorporating 
certain assumptions [Langlois  (1962), Blech (1983)]. 

Prior work in this area includes studies on both rigid 
as well as flexible rectangular plates, with a varying 
structural and  flow boundary conditions. These studies 
analyze the spring and the damping forces for normal 
as well as torsional plate motions [Pandey et al.(2007),  
Mohite (2007)]. Analytical expressions for the pressure 
and the reaction forces for rigid plates with different 
venting conditions was reported by [Darling et al. 
(1998)]. [Pandey et al. (2007)] discussed the effect of
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partially blocked boundaries providing an analytical 
as well as a numerical simulation results for MEMS 
torsion mirrors. [Kumar (2010)] studied analytically the 
effect of varying flow boundaries on the squeeze film 
parameters using a Greens function approach proposed 
by [Darling et al. (1998)]. Kumar also discussed the 
effect of the ratio of the plate length to the air gap 
thickness on the damping coefficient, when different 
flow boundary conditions were considered. The change 
in stiffness  with a variation in venting conditions at 
different squeeze numbers, using mode shapes for 
flexible plates in accordance with the flow boundary 
conditions is also reported. [Darling et al.(1998)] in their 
study of closed cavities demonstrated that the reaction 
force due to the trapped air inside the cavity remains in 
phase with displacement, for all frequencies resulting in 
pure spring force and no damping. The plate flexibility 
was not accounted  in this study. [Ahmad and Pratap 
(2011)] concluded from an analytical study, solving 
the linearized Reynolds equation for the pressure 
distribution; that the reaction force thus obtained 
for a closed cavity remains completely in phase with 
displacement; with no viscous damping even when the 
flexibility of the plate is considered. [Kumar (2010)] also 
studied the all sides closed structural and flow boundary 
conditions using a numerical ANSYS FLOTRAN 
simulation and found  the presence of damping for larger 
plate length to air gap-ratios. In another work, [Altug 
and Rao (2010)] presented an analytical technique for 
the flexible plates by taking the non-linear form of the 
Reynolds equation and treating the pressure distribution 
as a series sum of harmonics. They concluded from the 
analytical expressions that a non zero damping force 
exists for the all sides closed flow boundary condition 
due to the pumping mechanism resulting from the 
mode shape. The above mentioned studies report on the 
spring and the damping forces for the closed cavities 
and varying open boundaries, which are in accordance 
with the structural boundary conditions. In all of 
these works; however, the flow boundary conditions 
are not decoupled from the structural boundary 
condition, except for the classic closed cavity case.

It is important to understand the distinction between 
the structural boundary conditions for the vibrating 
micro-mechanical structure, and the flow boundary 
conditions for the squeeze film. The natural frequencies 
and the mode shapes  of the vibrating structure are 
affected  by how the plate is clamped on its sides. 
The flow or venting boundary conditions for the 
squeeze film dictate the pressure distribution in the 
squeezed film region. Typically, a monolith fabrication 
process such as the surface micromachining results 
in a structure, where the two boundary conditions 
are inseparable. For example, releasing a cantilever 

beam results in venting (i.e. zero differential pressure) 
flow boundary conditions on the three free sides

of the cantilever. Thus, the flow boundary conditions 
are coupled to the structural boundary conditions and 
mode shapes. It is, however, possible to uncouple these 
two by using, say, a wafer bonding process, where the 
vibrating structure is realized in one wafer and the 
squeeze film cavity in another wafer as shown in Fig. 
1. This kind of fabrication decouples the two boundary 
conditions and one can easily have an all sides clamped 
plate vibrating in a cavity with an all sides open flow 
boundaries. This uncoupling allows for an independent 
engineering of the fluid flow conditions thus, providing a 
separate control for manipulating the Q of the structure.

This is of significant practical application,where it 
is not desirable to have holes in the membrane such 
as in the case of the acoustic transducers. When the 
membrane vibrates, the air-flow in the lower cavity is 
subjected to different flow boundary conditions along 
the edges of this cavity depending on the bonding area 
geometry. It is possible to design bonding along the 
perimeter in such a way that different sides are closed 
or open, e.g., two opposite sides open or two adjacent 
sides open. The flow induced damping, therefore, 
naturally depends on the venting conditions. We thus 
observe the importance of the flow boundary conditions 
and the study of the same is important for the proper 
understanding of a variation in the squeeze film damping 
parameters which, in turn, can affect the Q factor, and 
also change the dynamic characteristics of the device. 

1.2 Contribution of the current work

In this work, we have studied the effect of varying the 
flow boundary on the squeeze film damping and the 
stiffness. We decoupled the structural and flow boundary 
conditions by considering an all sides fixed plate, which 
has variable flow boundaries. We found out that by 
changing the flow boundaries one can tune the dynamic 
characteristics of the resonant MEMS devices. We 
developed analytical expressions using an eigen expansion 
technique for the squeeze film stiffness and damping, for 
all possible combinations of the open and the closed flow 
boundaries for a rectangular plate clamped at all edges. 
An assumed first mode shape satisfying the kinematic

Figure 1: Schematic of the flexible MEMS microplate (all sides 
opened) (a) isometric view (b) sectional view.
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where kmn is a constant corresponding to each fmn.We can 
decouple kmn for the two independent indices m and n by 
assuming:

On further assuming                                             and 
substituting in Eq. 3 we found out some more 
simplifications:

Assuming harmonic source term                            
(where ‘δ’ is the vibration amplitude, ‘Φ’ is the 
assumed first mode shape                           and ‘ω’ is the 
oscillation frequency), and using the expression for 
in the expression for pressure and using the 
orthogonality of the eigen functions we have  
determined the coefficient

Now the pressure is given by

where ‘P̅’   is the spatial component of the pressure.

For the all sides open boundaries, we have 
used zero pressure boundary conditions, 
P(0,y)=P(L,y)=P(x,0)=P(x,W)=0, and obtained the 
following expressions for the non dimensional quantities; 
P (pressure), Fs (stiffness force), and Fd (damping force).

where ‘σ’ is the squeeze number                   and β is 
the aspect ratio              Similarly,  we  have obtained 
expressions for P, Fs and Fd  corresponding to all other 
boundary conditions. These expressions are listed in 
Appendix A. 

boundary condition is used to accommodate the effect 
of plate flexibility. The variations of pressure and phase 
angle are studied along with the resulting stiffness and 
damping for a range of squeeze numbers. A comparative 
study of the stiffness and the damping offered by each 
of the flow boundary conditions is presented. We have 
provided physical explanations for the differences in 
behavior as observed from the analytical study, for each 
of the flow boundary conditions. In order to validate our 
analytical expressions, we had compared our analytical 
results with a  numerically simulated data generated from 
a FORTRAN code, using a finite element methodology 
described in detail in our prior work [Roychowdhury 
et al. (2013)]. The numerical simulation results show a 
good agreement with our analytical  results.

2 Mathematical formulation

2.1 Governing equation

The governing equations for the squeeze film flow are 
derived from the standard Navier Stokes equation using 
the continuity equation and appropriate assumptions on 
isothermal conditions, pressure invariance across the 
film thickness, etc. The derivation is available in many 
references (for eg., see  [Kumar  (2010)]. The resulting 
governing equation is the Reynolds equation given by 

where ‘p’ is the pressure, ‘h’ is the air gap, and ‘μ’ 
is the viscosity of the air. A linearization of Eq. 1 
under the assumptions of small amplitude motion
                     is the initial air gap and      is the
perturbation in the air gap), small pressure 
perturbations is the ambient pressure and       is the 
pressure perturbation) and the use of normalized 
variables for pressure, film thickness as P=                , 
leads to the following form of the governing equation,

where ‘α’ is a constant (α =     and ‘L’ and
‘W’ are the plate length and the width respectively.

2.2 Solution using the eigen expansion method
We solved the linearized Reynolds equation given by 
(2) using the eigen functions for the spatial variation of 
pressure. We carried out an eigen function analysis on 
the homogeneous form of Eq. 1. Let
where the sum indicates a linear combination of the 

(1)

(2)

(3)

(4)

(5)

(6)

(7)

(8)

(9)

(10)

eigen functions                 with
being an eigen function, amn a scalar coefficient and T(t)  
being the temporal component of pressure. Substituting 
this expression for ‘P’ in the homogeneous form of Eq. 2 
and using the separation of variables, we get 



29Journal of ISSS

Roychowdhury et al.

2.3 Analytical results and discussion 

A. Pressure and phase variation at high and low squeeze 
numbers

Although we have analytical expressions for pressure 
(and hence spring force and damping force) for all types 
of flow boundary conditions (see Appendix A); we take 
OOCC (two adjacent sides open and the other two sides 
closed) as a representative case here to discuss some 
salient features of the results obtained. The pressure and 
the phase angle variation over the entire flow domain 
for the OOCC boundary conditions are shown in Fig. 
2 and Fig. 3, respectively, for two extreme cases of the 
squeeze number (σ). The squeeze number as defined 
in section 2.2  is a non dimensional parameter, which 
is a measure of the fluid compressibility. A detailed 
discussion on the significance of the squeeze number is 
provided in [Pratap et al. (2007) ]. For a given ambient 
pressure and plate geometry, the squeeze number is 
directly proportional to the frequency. The figures for 
σ = 0.1 and σ = 1000 are representative of the pressure 
and the phase variations at low and high frequencies, 
respectively. As σ increases, the low frequency variation 
continuously transforms itself into the high frequency 
response

From Fig. 2(a) and 2(b), we have observed that the flow 
boundary conditions  used on the sides have a dominant 
effect on the pressure distribution at a low squeeze 
number. At high squeeze number, the symmetry in 
the pressure distribution with a peak in the center 
clearly indicates that the flow boundary conditions 
have little influence on the pressure distribution. This 
is to be expected because the interaction between the 
fluid film underneath the plate and the outside world 
decreases with an increasing oscillation frequency and 
at sufficiently high frequencies, the interaction ceases 
altogether. Similarly, Fig. 3(a) shows that for low σ, the 
phase angle is -90°  almost everywhere. However, at 
high σ (Fig. 3(b)), the phase angle reaches -180° over a 
large portion of the plate.

B.  A comparative study of the stiffness and the  damping 
for various flow boundary conditions.
We have plotted the non-dimensional stiffness and 
the damping coefficients against σ for all boundary 
conditions in Fig. 4. We noted that at low squeeze 
numbers the stiffness increases with squeeze number 
for all venting conditions other than the all sides closed 
case (CCCC)  and approaches the constant stiffness 
value (non-dimensional value of 1/4 ) for the all sides 
closed case.

Figure 2:  Spatial pressure distribution over the plate for OOCC 
boundary condition for (a) σ = 0.1, (b)  σ = 1000

Figure 3:  Spatial phase distribution over the plate for OOCC boundary 
condition for  (a) σ = 0.1, (b)  σ = 1000
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The damping coefficient at first increases, but 
subsequently decreases after a critical squeeze number 
at each venting condition. For the CCCC case, it is 
zero. In order to investigate these variations further, a 
comparative study of the stiffness and the damping is 
carried out. With the all sides open case (OOOO) as 
the reference, the stiffness and the damping ratios are 
evaluated for all venting scenarios and plotted against 
the squeeze number in Fig. 5. We focused our study on 
the variation of the stiffness and the damping with (a) 
the increase in the amount of flow restrictions and (b) 
the relative positions of the restricted flow boundaries. 
It is observed from Fig. 5 that the OCCC case offers 
the highest stiffness, which is found to be more than 45 
times the OOOO value at low squeeze numbers (σ < 1). 
With a decreasing number of restricted boundaries the 
relative stiffness decreases. At higher squeeze numbers 
(σ > 100), the non dimensional stiffness for all the flow 
scenarios reach the same limiting non-dimensional 
value of 1/4 which is the constant value for the CCCC 
case.

The analytical findings for the damping evoke more 
intrigue as we find the OCCC case to have (see Fig. 6) 
more than six times the damping; relative to the OOOO 
case at low squeeze numbers. This result appears 
counter-intuitive as the OOOO case has lesser degree 
of flow restrictions and; hence, should have more flow 
and; consequently, higher fluid damping. At higher 
squeeze numbers (σ > 100); however, the OOOO case 
shows higher damping as is evident from Fig. 4.

The relative variation of the stiffness coefficient is also 
of importance in the design of MEMS devices ,where 
any change in the structural resonant frequency due to 
the added stiffness of the squeeze film must be taken 
into account. This exercise is crucial in those cases 
where the structural stiffness may be comparable to the

Figure 4: Non-dimensional quantities vs squeeze number for all flow 
boundaries, (a) stiffness, (b) damping

Figure 5: Stiffness coefficient ratio of each venting condition with 
respect to the all sides open case vs squeeze number

Figure 6: Damping coefficient ratio of each venting conditions with 
respect to the all sides open case vs squeeze number
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squeeze film stiffness. This is likely to be the case with 
extremely thin membranes with thicknesses of the order 
of a few tens of nano meters or even a few nanometer 
as in the case of graphene. The damping coefficient 
variation with respect to the squeeze number (see Fig. 
4(b)) shows a left shift in the peak with an increase 
in the flow restrictions. On investigating, we found 
that the peak squeeze numbers match closely with 
the corresponding cut off squeeze numbers (σ value 
where the stiffness and damping curves intersect) for 
each of the corresponding flow boundary conditions. 
The peak σ  values from Fig. 4(b) for the two extreme 
flow boundary cases are σOOOO = 19.05 and  σOCCC 
= 2.512 for OOOO and OCCC cases, respectively. 
Thus we observed that by changing the flow boundary 
conditions, the cut off squeeze number changes by 
more than 85%. This is of significant importance to 
the MEMS designers, as damping value affects the Q 
factor as well as the resonant frequency of the vibrating 
MEMS devices.

C. The effect of relative position of the closed boundaries 
on the squeeze film damping and the stiffness

We will now try to understand the role of the relative 
position of the open and closed boundaries on the 
squeeze film stiffness and damping. We have compared 
two very similar cases ‘OOCC’ and ‘OCOC,’ which 
differ only in the relative position of the closed 
boundaries. It is found that the ‘OOCC’ case offers 
about 3 times the stiffness of ‘OCOC’ (see Fig. 5) 
at low values of squeeze number (σ <1). At higher 
squeeze numbers (σ > 100) , the same non-dimensional 
limiting stiffness value of 1/4  is reached by both the 
configurations as seen in Fig. 4.  We also found that 
the ‘OOCC’ case offers about 1.5 times the damping  
offered (see Fig. 6) by the ‘OCOC’ case at low squeeze 
numbers  (σ <1).  At higher squeeze numbers both the 
cases have almost the same damping value (see Fig. 
4b).  The above observations may be explained by 
studying the pressure and the phase variation for the 
different boundary conditions at low and high squeeze 
numbers. The magnitude of the  spring and the damping 
forces depend upon the cosine and sine components of 
the total force, respectively. The total force in turn is 
found out by integrating pressure over the plate area. 
From the pressure plots of OCOC and OOCC (see Fig. 
7) we found that for low squeeze number (σ = 0.1), a 
larger flow distance from the highest pressure zone to 
the boundaries exists in the OOCC case; consequently, 
leading to more flow and; hence, a higher damping 
value as mentioned earlier. For a higher value of 
squeeze number (σ = 1000), the pressure distribution 
for the two cases is comparable and the damping is 
predictably the same. The OOCC  pressure distribution 

also shows a larger area of higher magnitude than the 
OCOC case, which leads to a greater net resultant force 
and; consequently, a higher stiffness coefficient at low 
squeeze number (σ = 0.1).  For higher squeeze numbers 
the pressure distribution is more or less the same and 
the stiffness coefficient has a constant value regardless 
of the flow boundary conditions. Thus we can see the 
that the relative positions of the closed boundary has 
a role to play in determining the squeeze film stiffness 
and the damping; irrespective of the length of the open 
flow boundary (the same for both OCOC and OOCC).

D. The combined effect of the phase angle and the 
pressure distribution on the squeeze film forces 

We have tried to see the effect of the phase angle in 
combination with the pressure distribution on the 
squeeze  film damping and the stiffness forces. For this 
purpose, we took the following two extreme scenarios 
, i.e. , the all sides open (OOOO) and the one side 
open (OCCC) flow boundary cases. From the pressure 
distribution plots for OOOO and OCCC (Fig. 8), we 
observed that for a low squeeze number (σ = 0.1), the 
pressure gradient for OCCC is higher than that for 
OOOO. We also noted that for a high squeeze number 
(σ = 1000), the pressure profile is almost the same. The 
higher pressure gradient leads to a higher internal flow 
for the OCCC case, leading to a higher fluid damping 
at low squeeze numbers. At higher squeeze numbers, 
the pressure profile for both the cases are similar, but 
a higher damping is observed for the OOOO case. A 
close inspection of the phase distribution at higher 
squeeze numbers (Fig. 9) , show a slight variation in the 
phase angle at the edges. The OCCC case has slightly 
lower phase angle values at the corners as compared to 
the OOOO case; leading to a lower magnitude of the 

Figure 7:  Spatial pressure distribution for OCOC and OOCC 
boundary conditions for (a) OCOC at  σ = 0.1, (b) OCOC at  σ = 
1000, (c) OOCC  at  σ = 0.1, (d) OOCC at  σ =  1000
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E. The combined effect of the phase angle and the 
pressure distribution on the squeeze film forces 

We have tried to see the effect of the phase angle in 
combination with the pressure distribution on the 
squeeze  film damping and the stiffness forces. For this 
purpose, we took the following two extreme scenarios 
, i.e. , the all sides open (OOOO) and the one side 
open (OCCC) flow boundary cases. From the pressure 
distribution plots for OOOO and OCCC (Fig. 8), we 
observed that for a low squeeze number (σ = 0.1), the 
pressure gradient for OCCC is higher than that for 
OOOO. We also noted that for a high squeeze number 
(σ = 1000), the pressure profile is almost the same. The 
higher pressure gradient leads to a higher internal flow 
for the OCCC case, leading to a higher fluid damping 
at low squeeze numbers. At higher squeeze numbers, 
the pressure profile for both the cases are similar, but 
a higher damping is observed for the OOOO case. A 
close inspection of the phase distribution at higher 
squeeze numbers (Fig. 9) , show a slight variation in the 
phase angle at the edges. The OCCC case has slightly 
lower phase angle values at the corners as compared to 
the OOOO case; leading to a lower magnitude of the 
damping force (the sine component of the total force 
contributes to the damping). For a low squeeze number 
(σ = 0:1); we can see from Fig. 8 that the OCCC case has 
a larger region of higher pressure, resulting in a higher 
magnitude of the total force on the vibrating plate.

INSTITUTE OF SMART STRUCTURES AND SYSTEMS (ISSS)

Figure 10: Spatial distribution of  phase angle at σ = 0.1  for  (a) 
OOOO, (b) OCOC, (c) OOCC and (d) OCCC boundary conditions

This results in a higher contribution to the spring force 
as compared to the OOOO case. At higher squeeze 
numbers, the pressure profiles are almost the same for 
all the cases and; hence, each of them reach the same 
limiting value for the stiffness coefficient. We also 
noted that the stiffness and the damping values not only 
vary due to the variation in the pressure distribution for 
the different flow boundary conditions, but also due 
to the variation in the phase angle. However, from the 
plots of the phase distribution (see Figs. 9 and 10) for 
the different flow boundary conditions; we observed 
that the phase distribution does not vary as much as 
the pressure for the different flow restrictions for any 
given squeeze number. Hence, variation in the stiffness 
and the damping are largely due to the variation in the 
pressure distribution.

3 Numerical validation
 
In order to validate our analytical  solutions, we 
compared them with our numerical finite element based 
model, which is validated with the experimental results 
from the literature [Pandey and Pratap (2007)].

3.1 Mathematical  formulation
 
The numerical problem at hand involves the coupled 
solution of the 2D Reynolds equation for the squeeze film 
(see Eq. 11) and the 3D elasticity equation (see Eq. 12).

The linearized Reynolds equation is given as follows 
[Pratap et al.(2007)]:

where μeff is the effective viscosity, ha is the initial 
air gap, Pa is the ambient air pressure, p̂ is the fluid 
pressure (perturbed about Pa) and ĥ  is the air gap 
(perturbed about ha). The last term on the right hand 
side of the above equation couples the structure and the 
fluid domain. We can write the variational statement for 

(11)

Figure 9: Spatial distribution of  phase angle at σ = 1000  for  (a) 
OOOO, (b) OCOC, (c) OOCC and (d) OCCC boundary conditions

Figure 8:  Spatial pressure distribution for OOOO and OCCC 
boundary conditions for (a) OOOO at σ = 0.1, (b) OOOO at   = 1000, 
(c) OCCC at  σ =  0.1, (d) OCCC at σ = 1000



the dynamic structural problem without any body force 
as (refer Appendix B):

where ρ is the density, u is the displacement, uδ is its 
variation, τ is the stress, t̅ is the prescribed traction over 
the boundary Γt and ε(uδ) is given by (13):

with the summation convention over repeated indices.
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In the above expressions, ω is the angular excitation 
frequency, ρ is the density of the air, Nu, Np are the shape 
function matrices for the displacement and the pressure 
respectively, Bu, Bp  are the strain displacement matrices 
for the displacement and the pressure respectively, t̅ 
represents the prescribed traction, ha is the initial air 
gap, μeff is the effective viscosity of the air  and Pa is the 
ambient air pressure.

3.2 Validation of the numerical model with the 
experimental results 
 
We validated our numerical results with the published 
experimental data for a cantilever beam subjected to 
electrostatic actuation [Pandey and Pratap (2007)]. 
The numerically obtained quality factors (Q) for the 
first three modes of vibration of the specified beam is 
compared with the reported experimental data. The 
beam dimensions and the fluid parameter values are 
taken in accordance with those reported in the work 
by [Pandey and Pratap (2007)].  In our simulations, we 
have subjected the cantilever to a sinusoidal voltage 
of 1.5 V, which is well below the pull-in voltage of 6 
V for the given cantilever. The input voltage has been 
applied as an electrostatic pressure load of magnitude 
5.08 N/m2 in our FEM model for the cantilever beam; 
considering a parallel plate capacitor with a small 
displacement approximation [Saucedo et al.(2003)]. 
The beam tip velocities have been obtained from the 
simulations, normalized with respect to the applied 
voltage and plotted against frequency.

 
Q factors for different modes are obtained using the 
half power method from the frequency response. The 
frequency response so obtained is shown in Fig. 11. 
The plot shows three distinct peaks corresponding to 
the first three modes, and is in close agreement with 
a similar plot reported by [Pandey and Pratap (2007)]. 

The traction term in Eq.(12) is ∫Γt[uδ(t̅)]dΓ. We can 
model the squeeze film pressure on the “wet” surface 
as a prescribed traction, twet =-(p̂)n̂ where n̂ denotes  
the outward normal for the wet surface. We can also 
actuate the structure electrostatically, model this force 
as an electrostatic traction tel, acting  on the top surface 
of the vibrating plate. Next we can write the prescribed 
traction from the  squeeze film pressure as -∫Γwet[p̂uδn̂]. 
Incorporating all the prescribed tractions as described 
and dropping the subscript for tel, we can rewrite          
Eq. (12) as follows:

Incorporating all the prescribed tractions as described 
and dropping the subscript for tel, we can rewrite          
Eq. (12) as follows:
∫τ(u):ε(uδ)dΩ + ∫ρü u  d+ ∫

 
p̂uδ.n̂dΓ = ∫uδ.(t̅ )dΓ

Using the procedure outlined in our prior work 
[Roychowdhury et al. (2013)], we discretized the fluid 
and the structural equations using the 27 node 3D 
elements to model the structure, and the 9 node 2D 
elements to model the “wet” fluid interface. After the 
finite element discretization, we arrived at the following 
coupled formulation:

Ω Ω Γwet Γt

Figure 11: Numerically obtained frequency response of a poly Si 
cantilever beam of length  350μm, width 22μm and thickness 4μm

(12)

(13)

(14)

(15)

(16)

where  the stiffness matrices are as follows:
Kuu= - ω2 Mu+Ku

Mu = ∫ρNuTNudΩ

Ku = ∫BuTCBudΩ

Kup = ∫NuTn̂NpdΓ 

fu = ∫NuTt̅dΓ 

Kpp = (ha3)    ∫BT
pBpdΓ + jωha    ∫N

T
pNpdΓ

 
Kpu = jω   ∫NT

pNpuzdΓ

Ω

Γwet

Γwet Γwet

Γt

Pa12μeff

Γwet
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Figure 12: Numerical and analytically obtained spring and damping 
forces vs  squeeze number (σ) for “OCOC” configurationfor a square plate.

Figure 11: Numerical and analytically obtained spring and 
damping forces vs squeeze number (σ) for “OOOO”configuration 
for a square plate.

Tab.1. shows the comparative results for the Q factor. 
The simulations have been run with a converged mesh, 
the details of which we have reported in our prior work 
[Roychowdhury et al. (2013)].

Table 1. Q factor comparison for the first three modes 
of a cantilever beam of length 350μm, width 22μm.
  
 Mode Qexp QFEM
 1 1.20 1.095
 2 7.58 5.849
 3 18.5 20.379
3.3 Comparison of the numerical model with 
analytical solutions

We compared our analytical solutions with results 
from  our numerical model. We took two representative 
cases for comparison, namely the all sides open case 
“OOOO” and the opposite sides open case “OCOC”.  
We used a  4×4 mesh of 27 node brick elements for 
FEM modeling of the plate. In order to compare our 
FEM results with the analytical solutions, we used the 
approximate first mode shape  of the plate chosen as a 
prescribed displacement for our numerical model.

The resulting pressure distribution is integrated over the 
wet surface to get the force on the vibrating plate. The 
squeeze film spring (Fs) and the damping (Fd) forces 
are obtained from the real and the imaginary component 
of the resultant force, respectively. The forces are non-
dimensionalised and plotted against a non dimensional 
parameter squeeze number σ, that is directly related to 
the frequency of harmonic excitation as follows. Fig. 
12 shows the plots for Fs and Fd for the “OOOO” case, 
and Fig. 13 shows the same for the “OCOC” case. We 
observed from these plots that the numerical stiffness 
and the damping forces are in close agreement with 
the analytical results for both the flow boundary cases 
studied.  The two methods also show a good agreement 
at both high and low squeeze numbers (σ) (thus high and 
low frequencies). The deviation between the numerical 
and analytical results have been found to be less than 
2% for both the flow boundary conditions studied. Thus 
our numerical results show a good agreement with the 
analytical solutions.

3.4  Limitations of the current model

The analytical model discussed in this work, accounts 
for the plate elasticity by using an approximate first 
mode shape as an input to the model.  The subsequent 
calculations are based on only the first structural mode 
shape. For all motions that have a combination of 
mode shapes involved, the results presented here will 
not be directly applicable. Thus the idea of tuning the 
Q of the structure with an appropriate design of the 
flow boundary conditions is limited to the structural 
oscillations dominated by the first mode. 

4 Conclusions

In this work, we have discussed how variations in 
the flow boundaries may be used as a tool to tune the 
squeeze film stiffness and the damping of vibratory 
MEMS devices. We have presented an analytical 
solution for the squeeze film problem for the elastic 
rectangular  micro-plates based on an eigen expansion 
method, and compared our results with the finite 
element based numerical solutions to the coupled 
Reynolds equation and the 3D elasticity equation, 
which we have reported in a prior work. From the 
analytical results, we found that at high frequencies of 
oscillation the pressure profile follows the displacement 
profile of the plate and is thus, independent of the flow 
boundary conditions. Also, the phase angle varies from 
90°  to 180°  from low frequencies to high frequencies 
as a consequence of, which the spring force dominates 
at high frequencies and the damping force dominates at 
low frequencies. For the closed cavity case we found 
damping to be nonexistent, and we also noted that the 
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stiffness coefficient is a constant for a given pressure 
value.

 We have investigated the variations in the damping 
and the spring force due to both the orientation of 
the closed boundaries (i.e., two adjacent sides closed 
versus two opposite sides closed), and the number of 
flow restricted boundaries. We found out that for low 
squeeze numbers (σ <1), the pressure gradient plays a 
key role in determining the damping as internal flow 
due to this gradient results in a higher than expected 
damping in the more restricted cases. We also found 
that at low squeeze numbers (σ <1), the more restricted 
boundary conditions lead to higher stiffness. The 
OCCC configuration is found to have about 45 times 
the stiffness of the OOOO case. From the analytical 
results, at high squeeze numbers it is observed that the 
stiffness coefficient reaches a constant limiting value 
irrespective of the flow boundary conditions; whereas 
the damping coefficient values vary relative to the 
number of closed boundaries, their orientation having 
no significant effect. The analytical results show a good 

agreement with our FEM based solutions, and thus 
can be used with confidence in design calculations to 
evaluate damping easily. The above knowledge can be 
utilized in designing different flow boundary conditions 
for circular cases; where it is easier to control the flow 
boundary restriction along the circumference, and thus 
resulting in greater control on the change of the squeeze 
film stiffness and the damping. We thus  studied the 
use of different venting conditions as a design tool 
in modifying the squeeze film induced stiffness and 
damping, and thus found out the Q factor for a vibratory 
MEMS system.
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APPENDIX A

Table 3. Analytical expressions for squeeze film forces and pressure for  one side closed (OOOC) case.

Table 2. Analytical expressions for squeeze film forces and pressure for all sides open (OOOO) case.
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BC Non - Dimensional Quantities

BC Non - Dimensional Quantities

Table 4. Analytical expressions for squeeze film forces and pressure for  one side closed (OOOC) case.

Table 5. Analytical expressions for squeeze film forces and pressure for  two adjacent sides closed 
(OOCC) case.

Table 6. Analytical expressions for squeeze film forces and pressure for  three sides closed 
(OCCC) case.

Table 7. Analytical expressions for squeeze film forces and pressure for all sides  closed (CCCC) case.
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APPENDIX B

The derivation for the variational statement for the 
dynamic structural problem is provided below. We have 
the equation of motion as [da Silva (2006)],
 
ρü =∇.τ +b
 
Where ‘ρ’  is the density of the structure and ‘b’ 
represents the body force per unit volume. We have 
obtained the variational formulation using the method 
of weighted residuals, based on the equilibrium 
equation and the natural boundary conditions as follows: 

∫uδ .(∇.τ +b-ρü)+ ∫uδ .(t̅-t)dΓ = 0

where t̅ represents the  prescribed tractions. Now using 
the tensor identity
 
∇.(τ t uδ) = uδ (∇.τ)+ ∇(uδ):τ
 
we can rewrite Eq. (B2), without the body force term as: 
 
∫[∇.(τ t uδ) - ∇(uδ):τ-uδ ρü] dΩ + ∫uδ(t̅-t) dΓ =0

Now applying the divergence theorem to the first term 
of Eq. (B4), we have the following:

∫[(τt uδ).n̂ ]dΓ-∫[∇uδ:τ+uδ ρu] dΩ+∫[uδ(t̅-t)dΓ =0

Now using Cauchy relations (t = τn̂) on Γ and the fact 
that uδ = 0 on Γu (specified displacement domain), the 
first integral from Eq. (B5) is modified as:

∫[(τt uδ).n̂ ]dΓ = ∫uδ.
_
t dΓ

Thus we can rewrite,  Eq. (B6) as follows:

∫[∇uδ:τ] dΩ = ∫[uδ. t̅ ] dΓ-∫[uδ.  ρü ] dΩ

Eq. (B7) is the variational statement for the dynamic 
structural problem without body force.
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